
1) obstruct k- frames over varios skeleton

↳ say when we can reduce the structuregroup

e.g. w
, IE)= 0 ⇔ structuregroup reduces

from Oln) to San)

3) differentiate bundles

4) obstruct irismasons and embeddings
5) obstruct bounding a compactmfd.

there are many more applications and similarly for
C; / E) and p, - (E)

example :

it Pontryagin numbers not 0 then

1) no orientation reversing diffeomorphism and

2) does not bound an compact oriented mfd

e.g . QP
"

has no or
"
-

reversing ditfeo .

and

does not bound an oriented mfd

note : can prove both these with

intersection pairings leg .

Poincaré duality)

C. Classifying spaces
§
GrassMannion

Recall 6mm = all n -devil subspaces in Rm

we have Gn.mcbn.mu

so Gn = Um On, m



or Gn = all n -diisl subspaces of IR

let En = { 1hr) c- Gn ✗ IRA : r c-l} so pll.rs =L

exercise : Eu± Gu : Hit→ l is an n -dime vector bundle

Hint : if l E bn let t :#→l be orthogonal proj
let Ve = {l

'

c- Gu '

- tell
') has doin n }

Show : Ve open and

h :p
- 'Ille )→ Uexl is a local trio

.

dir) ↳ kite IN

THY 12 :

It ✗ is paracompact, then

[ X
,
Gn ] → Vect

"

/×)

f→ f-
*

(En )

is a bijection .

Proof : from That II. 1 the above map is well-defined !

togo further we first observe

claim : for E-→ ✗ an IR
"
- bundle

E- ≈ f-
*

LED some f- : ✗→ Gn

⇔

3- a map E→ IR
•

that is linear injective on each fiber

to see this suppose f : ✗→ Gn and 4 : E f-
*(En ) so we have



E- Is f-
*(En )→ En→ BY

→ ×± on

and top row linear injective on fibers

now if E % ITT is such a map

define f : ✗→ Gn ! ✗ glp
- ' 1×1)

and § : E→ En : ✓→ good

exercise : this implies f-
*

(En ) I E

map in the is surjective :

given p : E- →× an IR
"
- bundle

(we assume ✗ compact Hausdorff, book for paracompact)

let {U
;
}
,
! be a cover of✗ by local trio. of E i.e. 7

%. :p
"/4.)→4 ✗ → Rn

÷
let {4;) be a partition of unity subordinate to { U, }

set g
: E-→Ñ;;;!e!R^_ c tf

v- (4
, lpirqlv, . . . , olhlplvl ) 0TH)

exercise :

g
is linear on fibers sog.

*( En )EE from above



mapinthmisinjeive :

suppose¥ (En ) =g.
*

(En)

for 9; : ✗→ Gn

from above 1- f; :X → UP s.t.fi linear injective on fibers

from proof above can assume f maps to odd words in Ñ

and f
, maps

to even words in IRA

let f-
+
= C-f)f-

◦
+ tf

,

exercise : ft is linear injective on each fiber

set g.+1×1 = f-+ (p
"HD

exercise : this is a homotopy go to 91 ¥7

note : Claim from previous section that any linebundle

pi E→ ✗ comes from f-
*(8) clearly follows

he 8= E.)

more generally given a Liegroup 6 one can show there

is a space BG and EG such that

6 → EG
↓
BG

is a principal bundle and EG is weakly contractible

we call BG the classifying space for principal 6-bundles



note :

HnlEG ) → Hk ( BG)→ Any (G) → Ha, CEG) k ≥ '

"

o

"

◦

so HHLB G) ≈ Hw,(G) f k ≥ I

Thm_13 :

[X, BG) Principal G-bundles over ×
One- to-one

correspondace

Th ' 14 :

the homotopy type of BG is unique

examples :

1) Gn is the classifying space of IR
"
- bundles

( really £ /En ) is the sun, IN bundle

and Gn the Sun. LR) space)

exercise : 71En ) is contractible

2) IR→ s
'

is a principal Z -bundle so

principal 2- -bundles over ✗

[X, S
' ] = [×, klzt, 1)] = H'(x; E)

recall KC#1)≈
Brown representation
tha see next section

H
"

IX.- G) = [×, KCG.nl] €



3) s•→ IRP is a princepal Zlz bundle

exercise : 5
•

contractible

note : OCD I 2-12 so BOLD = IRP
•
= K / Etz

,
1) and

↑ check
line bundles over ✗

principal Old bundles

{×, BOCD] = [×, IRP
'] = {×, KIEL , D] I H

'

(×; 2% )
£
Brown

4) 5
•

→ 5%1 ≈ EP is a principal s
'
- bundle

so BS
'

= Bull) = EP
•

= KIE
,
2) and

complex kñe bundles over ✗

principal UCD -bundles over✗

IX.Bulls] = [×, EPA] = HTX; E)
↑
Brown

to prove Tha 13 we need a definition

a GCW- complex is a space ✗ with a G-action
that is a union ofskeletal"

ox
"
c.

. .
C X
"
c._ .

where for each k≥ 0 there is



1) a collection of k- cells e!

2) subgroup HE G, and

3) $;
i ke! ✗ %;) _- Ish

-'

✗%) → ×
" - 1)

St
,
each ¢; is G-equivariant and

✗a) = ×
""

u le?- ✗ °/Hike
glue with &;

we can take EG to be a GCW-complex
exercise :

1) if ✗ a GCW- complex then % has the

structure of a CW complex

a) if G is a compact Lie group then

any principal G-bundle over a CW-complex
is a GCW - complex

Proofof Th ☐ 13 : let M be a CW- complex
clearly 4 :[M, BG]→ Prince

6
(m) ← here we consider only Plum

with Pa GCW- complexf- 1-7 f-
*

EG

is well- defined by Th "II. 1

Claim : 4 is surjective

indeed
, given Plum we construct h :P→ EG skeleta -by -she leta

St
,

his G-equivariant and maps G orbits



in P homeomorphically onto image
since 6 action on P is free all strata are

attachments of e.
"
✗ G to PHD

now P" = {pt} ✗ 6 and we can clearly map
this to a fiber of EG

now if ha , : PK
"
→ EG defined we try to

extend over e
"
✗ 6

consider the disk eh✗ { I} cek ✗ 6

hm ,
is defined on Trek ✗ {,] C PC

-D

and hk-ilze.gg ,} extends to
ekx {I]

if it is null- homo topic

since EG is weakly contractible hk-ilae.br✗ {,}
extends to h :@ "✗ {B)→ EG

now define hh on eʰxG by extending

h on eh -143 G-equivariantly

2.e.hn : ekx 6 → EG :(p,g)→ hip)•g

clearly hn : P'
"
→ EG is G- equivariant
and a homeo . on orbits

so we have h :p →EG

this induces a map f :M=%→B6=E%



p→h EG

hit, ¥;
we now have

P→ f- * EG = { IX. v7 c-MXEG : fix =p IVB
w↳ 191W), hlx))

exercise : show this is an isomorphisms

claim : 4 is injective

suppose we have fi. M →BG 2--0, i and

$ : f.
*

EG→ f.
*

EG (assume cellular)

is an isomorphism

we need to construct a homotopy to to f.
since fi are cellular and EG a GCW- complex

one can check f.
*EG are GCW- complexes

define the principal G-bundle F→Milo, I] by

F=*E6) ✗ loins] u [ E-G) ✗ [ "↳ is]
OI

over Mx {on } be define It by bundle maps covering fi

f.
*

EG→ EG

↓fu Bb

just as in the surjective case we can extend



this to an equivariant map
H : I → EG

that induces a homes on fibers

and It induces a map on the quotient spaces
F :Mx [on]→ BG

that is a homotopy to to ti
☒-

Proofof The 14 :

Ez

suppose
El

tg
,

and ↓ are both
Bz

universal bundles

by Tha 13 , 3- maps f :B,→ B, and g :B,→ B,

such that É
,
I f-

*

E
,
and

F. = g.
*

E
,

now go f- :B, → B,

and @ ◦f)
*

E
,
= f- (g

*KID

I f-
* I E)
I E

,

thus (go f)
*

E
,
= id# E,



so by Thm_ 13 got ≈ idp
,

similarly fog ≈ 1dB
,

so B, ≈ Bz LET

we are left to see classifying spaces exist, for this we need

it ×
,
Y are two spaces, then their join is

✗ * Y= ✗✗[on] ✗ Y/~

and 1×1,0, y ) - (✗z , QY) ×
, ,
✗
u
C-✗÷:

" " ""

→

note : there is an inclusion

✗ is ✗ * Y
✗ 1-7 140 ,y) for any y C-Y

and
Y ✗ * Y

y1-3 (×, 1
, y) for any ✗ EX



examples :

1) ✗ * { p} = CX

indeed ✗ * {p} _-
✗ ✗ ""✗

✗ ✗ {,

a) similarly ✗ * { pi, Pz} = I✗

✗ a

✗ O÷r?
→

€:)

3) {Xo} * {× ,} * ._ * {✗n} is a k - siaiplex

4) exercise : S
"

* Sm ≈ sntm -11

lemma 15 :

the inclusions i :X→ ✗ * Y and

j :Y→✗*Y from above are null- homotopic

Proof : for any yo EY not i : ✗→ ✗* Y factors

through
✗→ ✗ * {yo } C ✗ * Y
✗ ↳ 1401 Yo )

but ✗ * {yo }E CX and hence is contractible
i. i nolthomotopic

similarly for j ☒-



nowgiven a topologicalgroup 6
let 6*+1) = 6*6 *

. _

* G
-

k -11 trines

this has a 6 actiongiven by

(901+1191,1-2) - - - th
> 9m ) •9=1909,4 , 9,9, tz, . . . , th , 9h9 )

exercise :

1) Prove that ]- a natural 6- equivariant map
× 6kt ' → G*lh+D

that is a homeomorphism when restricted
to wit ok × 6kt '

(here 6 acts trivially on 0k and

diagonally on 6h
" '

2) Use above to show
"") has the

structure of a GCW- complex

let91G) = t.im G
*Ch -11)

n→ no

Thʰ 16 :

the quotient map
p
: f.(G) → 91%

is a universal principal G-bundle



Proof :
prove p

: 91G) → 9161/6 is a

principal G-bundle

to show 416 ) is weakly contractible note that
for any mop

a :S
"
→ 416 )

7h s.t. ✗(5) c 6*41) cg(G)

and 6*4") is null- homotopic
in 6*1⇔ c 416) by lemma 15

i. ✗ null-home topic in9 (G) ¢⇒

from the construction above note thatgiven
f- : H → 6 a homomorphism

then we get an induced mop

Ef : EH →EG

jin Yoo
and Bf : BH → BG

exercise :

1) Bf is the classifying map for the
bundle

B. H x
f
G → BH



p
2) If It < G and ↓µ a principal G-bundle

show the structuregroup of P reduces
to It off the classifying mop f : M → BG
latter homotopy ) to M→ BH

BH

,
_

-
→ ↓ Bi 2 : It→ 6

M¥ 136 inclusion

Here is another view of characteristic classes
Thʰ 17 :

H*(Bon); 242 ) ? 2% [wins, . . . Wu]
where Wi has grading i

H
" / BUCn) ; Ztt ) ≈ Z [a, cz , . . . , Cn]

where Cj hasgrading Zi

Remark : we might prove this later , but we can
use Thʰ 17 to define characteristic classes

E
given an IR

"
-bundle

↓µ
there is an

associated Old -bundle 7-(E) and

by Th ☐ 13 3- a map f :M → Boca)

5.t ¥ F- 01ns IF/E)



define Wi (E) = f-
*

W
;

similarly for Ci
what about Pontryagin classes or Euler class ?

recall given a short exact sequence
0→ H → c.→ K → 0

of abelian groups , weget a long
exact sequence

. .
.

→ Hn /Mj A)→ HIM; G) → HIM; K)→ Hn
-in; A)→_ . .

So from 0→ 2- % Z →Zz → 0

weget

pt.tn/m)-HnlM)-Hnlm;2-td-Hn-.lm )

p is called the Bockstein map

That 18 :

1-1*1 Bsocznti) ; E) = Z [ p, , . . . , Pn ] ⊕ Torsion

where Torsion =p IH*lBs¥kD
2-1/2[ Wz, - -y Wznti ]



H
*

(Bsoczn) ;Z = # [Pii - r -)Pme%,=p, >④ Torsion
where Torsion is as above


